VELOCITY AVERAGING A GENERAL FRAMEWORK 
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^N) , Abstract. We prove that the sequence of averaged quantities J^m "n(x, p) 
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p{p)dp, is strongly precompact in L^^^(R''), where p G L^(R'"), and Un G 



^^ L^(R"'; L''(R'*)), s > 2, are weak solutions to differential operator equations 

with variable coefficients. In particular, this includes differential operators 
of hyperbolic, parabolic or ultraparabolic type, but also fractional differential 
operators. If s > 2 then the coefficients can be discontinuous with respect to 
the space variable x G TV^, otherwise, the coefficients are continuous functions. 
In order to obtain the result we prove a representation theorem for an extension 
of the //-measures. 

< 

^ ■ 1. Introduction 



The main subject of the paper is the following sequence of equations: 



d 

CN- s 7'm„(x,p) =^9^^*^ (afe(x,p)M„(x,p)) =a^G„(x,p), (1) 

> ; fc=i 

where m„ are weak solutions to ([T]) such that u„ — ^ in L^(R™; L*(R'')), s > 2, 
vQ ■ while: 

04 I a) afc > are rational numbers and d"'' are multiplier operators with the 

t^ ; symbols i2'Ki^k)°"' , «"" := e^^ , fc = 1, . . . , d; 



b) 

fc(R'^xR™), s = 2 

"''' ^ [L2(R";L'-(R'')), 2/s + l/r = l, s>2 



and 9p = dp^ . . . 9^™ for a multi-index k = (ki, . . . , Km) G N™; 
c) "^ 

5^: Gn^O in L2(R'";W-°''''(R'^)), a^{ai,...,ad), 

where W-"'"'(R'') is a dual of W"'"(R'') = {m € L"(R'') : d^^u £ 

L-'(R'^),A; = 1, . . . ,d} (for details on anisotropic Sobolev spaces see e.g. [iO]). 

Equations ([T|) involve the space variable x G H'^, with respect to which we have 

derivatives of solutions (u„), and the variable p € R™, which is usually called the 

velocity variable. 

Notice that if ak G N then equation ([1]) is a standard partial differential equation. 
In particular, for ai = • • • = ad = 1 once gets a transport equation (considered 
in e.g. [ini 122]; see more detailed discussion below). In general, we have a hnear 
fractional differential equation. 
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First, we introduce a definition of a weak solution to ([T]). Assume for the moment 
that the sub- index n is removed in ([T]). 

Definition 1. We say that the function u G L^(R'";L*(R'')) is a weak solution to 
dU if for every g e wi'^''^(R"; W°'"(R'')) it holds 

/ J2 «'=(^' P)"(^' P)("^-J"'=(5(x,p))dxdp = (-1)1"! /"(G(-,p),9«g(-,p))dp , 

^ I — 1 ^ 

Rd + m ^— L Rm 

(2) 
where duality on W°'^(R'') is considered. 

In this paper, we are concerned with compactness properties of the sequence (un). 
It is not difficult to find examples of an equation of type ([IJ such that the sequence 
(u„) does not converge strongly in Lf^^CRf^ x R™) for any s > 1. Indeed, trivial 
example u„ — sin np solving ([T]) with coefficients being independent of x G R"* and 
afc G N, k — 1, . . . , d, does not converge strongly in Lf^^ for any s > 1. 

Still, from a viewpoint of applications, it is almost always enough to analyse the 
sequence («„) averaged with respect to the velocity variable (/p,™ /o(p)u„(x, p)dp), 
p G C"*(R'") (see e.g. famous papers [T31I21]) which, as firstly noticed by Agoshkov 
[I] in the hyperbolic homogeneous case, can be strongly precompact in Lj*q^(R'') 
for an appropriate p > 1 even if the sequence (u„(x, p)) is not. Such results are 
usually called velocity averaging lemmas. 

After Agoshkov's paper, investigations in this directions continued rather inten- 
sively. Still, in most of the previous papers on the subject, symbol P{i$, x, p) of the 
differential operator V was of the first order and independent of x G R''. Thus the 
corresponding equation describe a transport process occurring in a homogeneous 
media. On the other hand, most of natural phenomena take place in heterogeneous 
medias (flow in heterogeneous porous medias, sedimentation processes, blood flow, 
gas flow in variable duct, etc). However, it appears that it is much more complicated 
to work on heterogeneous transport equations than on homogeneous ones. 

This fact could be explained by the following simple observation. Assume that 
the coefficients in (jlj do not depend on x G R''. If we apply the Fourier transform 
in x G R'' on equation ([T|), at least informally, we can separate solutions (u„) and 
known coefficients. To be more precise, let us consider the sequence of homogeneous 
transport equations from |32] : 

d 
dtun + a(p) • V,7i„ = Y, dx^d^gj, {t, x, p) G R+ x R'' x R'', (3) 

where, for some s > 1, u„ ^ weakly in L''(R''+^), while 5" — )► strongly in 
Lf^^(R+ X R"* X R"*), j = 1, . . . , d. The function a : R'' -^ R'^ is continuous. 

By finding the Fourier transform of ^ with respect to {t, x) G R^ x R'' (denoted 
by " below) , we conclude from the above 

d 

{T + a{p)-0u = J2^jd;g,, 



and from here, for any /? > 0, 



u 



j^i 



As the term containing u on the right-hand side can be controhed by the constant /3, 
it was proved in 32 that a sequence of averaged quantities {J^m p(p)u„(i, x, p)dp), 
p e L'* (R™), 1/s + 1/s' = 1, converge to zero strongly in L''(R''+^). 

Actually, such framework is probably the main approach in the subject [TTl [TUJ 
[T8l |23] . Other approaches include the use of wavelet decomposition [12], "real- 
space methods" in time [3 |3S] and " real-space methods" in space using the Radon 
transform 0111], X-transform ^T\, duality based dispersion estimates [12], etc. 

In the heterogeneous case, the method applied on ([3]) is not at our disposal (since 
u can not be separated) . Probably the only possible way to tackle the heterogeneous 
velocity averaging problem is through a variant of defect measures [TBI [38l l4l [30l [26] . 
In [16] Theorem 2.5] the concrete application of defect measures on the averaging 
lemmas can be found. The result from [16j claims that the sequence of solutions 
(u„) of equations ([Ij satisfying conditions a)-c) with ai = a2 = • ■ ■ = ctd G N, is 
such that the sequence of averaged quantities (J u„(x, p)p{p)dp) strongly converges 
to zero in L^(R''). 

In this paper, we shall generalise Gerard's result on a wider class of equations, 
and we shall allow the coefficients to be discontinuous if the solutions w„ are from 
L^(R™;L'*(R'^)) for s > 2 (which is the situation in a numerous applications; e.g. 
[24] [29]). We remark again that the result from [32] can be applied only in the case 
of homogeneous transport equations, but it is optimal in the sense that sequence of 
solutions can belong to L*(R''+^ x R'^) for any s > 1 (in the current contribution, 
we must have s > 2). 

Let us now describe defect measures that we are going to use. A defect measure 
is an object describing loss of compactness of a family of functions. Originally, the 
notion of the defect measure was systematically studied for sequences satisfying 
elliptic estimates by P.L. Lions [2S]. Since elliptic estimates automatically elimi- 
nate oscillations, the defect measures used in |25| were not appropriate enough for 
studying loss of compactness caused by oscillations, which typically appear in the 
case of e.g. hyperbolic problems. 

In order to control oscillations, a natural idea was to introduce an object which 
distinguishes oscillations of different frequencies. The idea was formalised by P. Ger- 
ard |TS] and independently by L. Tartar [SQ. P. Gerard named the appropriate 
defect measure as the microlocal defect measure (mdm in the sequel), while L. Tar- 
tar used the term H-measure. Let us recall Tartar's theorem introducing the H- 
measures. 

Theorem 2. [38^ // (u„) = {{u}^, . . . ,ul^)) is a sequence in L^(R'';R'') such that 
Un ^ in L^(R''; R''), then there exists its subsequence («„') and a positive definite 
matrix of complex Radon measures fi = {/i*-'}ij=i,...,r on R"* x S'^~^ such that for 
a// (^1,^2 e Co(R'^) and V e C(5''-i); 
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(4) 






where Aif, is a multiplier operator with the symbol -0 £ C{S'^' ^) (see Definition\^. 

Gerard's approach generalises the above results to L^-sequences taking values in 
an infinite-dimensional, separable Hilbert space H. In the case when H — L'^(R'"), 
Gerard's mdm is an object belonging to A4+(S'*ri, C^{H)), i.e. to the space of non- 
negative Radon measures on the cosphere bundle S*i^ (the set fl x 5'''"^ endowed 
with the natural structure of manifold) with values in the space of trace class 
operators on H. It is important to mention an extension of the H-measures in the 
case of sequences which (basically) have the form (sgn(A — u„(x))), m„ G L°°(R''), 
given in [28]. There, it was proved that for almost every Ai,A2 G R there exists 
a measure ^^^^^ by ([4]) for u'*''(x) = sgn(Ai — u„(x)), i = 1,2. Although Panov's 
extension of the H-measures represents a special case of Gerard's mdm, it appeared 
to be very important, and it was successfully applied in many recent papers [51 |3J 

Uni m 1311 133133] ■ 

Here, from one point of view, we generalise Panov's results on the sequences 
belonging to L^(R™;L''(R'')), s > 2, while from the other point of view, we specify 
mdm-s in the case when H — L^(R™). Moreover, our result still represents a 
generalisation of Gerard's mdm-s since test functions in our case can be more general 
(even discontinuous with respect to the space variable). Since we are starting from 
Tartar's (finite dimensional) situation, we shall stick to Tartar's terminology. 

Furthermore, original H-measures }38 | ll6 j were adapted for hyperbolic type prob- 
lems. Recently, parabolic [4] [5], and ultra-parabolic [30] variants of the H-measures, 
and finally the H-measures adapted to large class of manifolds were introduced [26] . 
The last one is the main tool used in this paper. Its description, as well as the in- 
troduction to the main result (Theorem [7]) is given in the next section. 

In Section 3 we shall further develop the H-measure concept, which will be used 
in Section 4 for proving the precompactness property of a sequence of solutions 
to ll]). The proof is based on a special (trivial) form of the variant H-measure 
corresponding to the sequence (m„). 

In Section 5 we shall apply our result on ultra-parabolic equations with discon- 
tinuous flux under a less restrictive assumptions on coefficients than the ones from 
[29j (which is the most up-to-date result and which comprises the results from 31j). 

2. Statement of the main result 

To formulate the main result of the paper, we need to introduce the variant of 
H-measures that we are going to use. First, we need some auxiliary notions. 

Definition 3. A multiplier operator Aif, : L^(R'^) -^ L^(R'') associated to a 
bounded function tp G Cf,(R'') (see e.g. [35]), is a mapping by 

A^{u) = F(%l>u), 

where u(^) — J-{u){$,) — J-^^ e^'^'^^^'^u{x)dx is the Fourier transform while T (or 
^) is the inverse Fourier transform. 



If the multiplier operator A^ satisfies 

\\A4u)\\^,<C\\u\\^,, ^GL''(R'^)nL2(R'^), 

where C is a positive constant, then the function ip is called the L^-multiplier. 

Let I be a minimal integer such that la^ is an even number for each k. We shall 
introduce the following manifolds, denoted by P and determined by the order of 
the derivatives from ([1]): 

d 

P = {^eR'': 5^161'"'= =1}. (5) 

fc=i 

On such manifolds, which are smooth according to the choice of I, we shall define 
the necessary H-measures. Remark that it can seem more natural to take P — 

d 

{$, G R'' : Yl iC'cl"'' — 1} but the latter manifold is not smooth enough. Namely, 

fe=i 
we shall need the following corollary of the Marzinkiewicz multiplier theorem |35[ 

Theorem IV. 6. 6']: 

Lemma 4. Suppose that ip G C''(R''\{0}) is such that for some constant C > it 
holds 

\^''dl'iji^)\<C, IgRMo} (6) 

for every multi-index (3 = {/Si, ... , (5d) G Z^ such that |/3| = /?i + /32 H ^ Pd < d. 

Then, the function ip is an IjP -multiplier for p G (1, oo), and the operator norm of 
A^ depends only on C, p and d. 

The next lemma is an easy corollary of Lemma |4l First, denote by 

/ 



MO 



^1 ^d \ f ^ -odv 






, ^eRMo}, 



a projection of R''\{0} on P. The following result holds. 

Lemma 5. For any ip G C'^(P), the composition tp o np is an L^ -multiplier, p G 

Proof: Due to the Faa di Bruno formula, it is enough to prove that the conditions 
of Lemma m are satisfied for Tr^f^) = ^ — w,„ , k — 1, . . . ,d. 

The statement will be proved by the induction argument. 
• n — \ 

In this case, we compute 






^fc«, "«^'»/"J 
and it obviously holds \^jdjTTk(0\ < C 
• n = m 

Our inductive hypothesis is 



:^'rfe(0(l-7r^(|)), j=k. 



^''^fe(0 = ^^/3(7ri(0,---,Trf(|)), |/3|=m, (7) 



for a polynomial Pf3. 
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• n = m + 1 

To prove that ^ holds for |/3| = ttt, + 1 it is enough to notice that 
(3 = Bj + (3' , where \/3'\ = m, and to notice 

9^^fe(0 = d.df'TT.ii) = d, (^^P^,(^i(0, . . . ,7r,(0) 

and from here, repeating the procedure from the case n = 1, we conclude 
that ^ holds for n = m + 1 . 

From here, ((H)) immediately follows for Hk and consequently for V' o ttr. 



To proceed, we introduce a family of curves 

r?/c=6i'/'"^ ieR+, (8) 

by points ^ = (^i, . . . , ^d) G P- They are disjoint and fibrate entire space R'^. They 
play the same role as the rays ^/|^| in the definition of the H-measures. Moreover, 
we see that the curves ([S]) respect the scaling given by the differential operator from 
([1]). Indeed, if we have the classical situation at = 1, k = 1, . . . , d, then curves (|S]) 
are rays and we can use the classical H-measures [161 El] . 

The following theorem is essentially proved in [2 6) , but here we provide its more 
elegant proof based on the ideas of L. Tartar. 

Theorem 6. For fixed ak > 0, k ~ 1, . . . ,d, denote by P the manifold given by 
([S]), and by vrp : R'^ -^ P projection on the manifold P along the fibres (|S]). // 

(u„) = ((u,\, . . . , u^i)) is a sequence in L^(R''; R*") such that u„ — ^ (weakly), then 
there exists its subsequence (u„') and a positive definite matrix of complex Radon 
measures fi = {n^-'}i.j=i,...^d from Aii,(R'^ x P) such that for all 931,932 G Co(R'*) 
and i; e C(P) 



lim / A^p{ipiul,){x){ip2ul^,){x}dx = {fi'^,ipiip2tp) 

= I (^i(x)^;WV(«)dM^^(x,^), (x,|) G R'* X P, 

where A^p is a multiplier operator with the symbol tjjp := ip o tt^'- 

The measure fi we call the Up -measure corresponding to the sequence (u„). 

Proof: First, we shall prove that the fibration (|8]) satisfies conditions of the variant 
of the first commutation lemma |37l Lemma 28.2]. More precisely, we shall prove 
that any symbol tp on the manifold P satisfies 

^ ' ^ ' (10) 

\rii-ri2\<r,\inil\in2\>M =^ |V'(7i-p(j7i)) - ?/'(7rp(j72))| < £, 

where ttp is the projection on the manifold P along the fibres (j8|). 

As ■(/' is an uniformly continuous on P, it is enough to show that for fixed r and e, 
the difference |7rp{?7j^) — 7rp(?72)| is arbitrary small for M large enough. According 
to the mean value theorem 

kp(»7i) - 7rp(»72)l < |V7rp(C)||T7i - r/21, 



where C — '^'Hi + (1 ~'?)^2 foi" some ■& £ (0, 1), and the statement foUows as V7rp(j7) 
tends to zero when |rj| approaches infinity. 

Now, we can use [JTl Lemma 28.2] to conclude that the mappings 



('/'iV'2,'0) 1-^ lim / A^p{ipiul^,){x){ip2ul,){x)dx, i,j = l,...,d, 

form a positive definite matrix of bilinear functionals on Co(R'^') x C(P). According 
to the Schwartz kernel theorem, the functionals can be extended to a continuous 
linear functionals on 'D{'R.'^ x P). Due to its non- negative definiteness, the Schwartz 
lemma on non-negative distributions provides its extension on the Radon measures. 



Notice that, using the Plancherel theorem, can be conveniently rewritten via 
the Fourier transform as follows; 






R<*xP 

Now, we can formulate the main theorem of the paper. 

Theorem 7. Assume that u^ — ^0 weaA:/?/ m L2(R"; L"(R'^)) nL2(R'*+™), s>2, 
where m„ represent weak solutions to ([ij in the sense of Definition [TJ 
Furthermore, for s — 2 we assume that for every (x, ^) G R"* x P 

d 
A(x, ^, p) := J2 «fc(^' P)(2'r*efc)"'' / (a.e. p G R™) . (11) 

fc=i 

If s > 2, the last assumption is reduced to almost every x G R'^ and every £ G P . 
Then, for any p e L2(R"), 

/ M„(x, p)p(p)dp — >0 strongly in L'^^^CR.'^) . 

Before we continue, remark that the conditions of the theorem can be relaxed 
by assuming that («„) is merely bounded in L^(R'"; L'*(R'')), while (Gn) strongly 
precompact in L^(R"'; W~"''* (R-'*))- In that case there exists a subsequence (u„/) 
such that for any p G L^(R™) the sequence (/j^„, p{p)un' (x, p)dp) converges toward 
J-am p(p)'u(x, p)dp, where u denotes the weak limit of (u^). 

3. Auxiliary results 

In this section, we shall extend Theorem [5] on sequences with uncountable index- 
ing. A similar procedure we used in the case of the parabolic variant H-measures 
|22) . and for the sake of completeness we reproduce some results here. These will be 
substantially extended by Proposition[T2]and Theorem[T2]containing representation 
results of Hp-measures associated to sequences of functions m„ G L^(R™; L*(R'')), 
s > 2, which turn to be crucial for the proof of the main theorem. 

Let us take an arbitrary sequence of functions (m„) in variables x G R"* and 
y G R™, weakly converging to zero in L^(R'' x R™). Introduce a regularising 
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kernel to G C^(R™), where w is a non- negative smooth function with total mass 
one. For fc € N denote ujkiy) = k"^uj{ky) and convolute it with (w„(x, y)) in y: 



ut 



(x,y) := (^Mn(x, •) *a;ej(y) = / u„(x, z)tjfc(y - z)dz 



By the Young inequality functions u^ are bounded in L^(R'^+™) uniformly with 
respect to both k and n. Meanwhile, for every fixed e, sequence of functions u^(-, y) 
is bounded in L^(R''), uniformly in y, and converges weakly to zero. Furthermore, 
w^ are Lipschitz continuous as functions from R™ to L^(R'^), with an n-independent 
Lipschitz constant. Having all this in mind, we can prove the following lemma. 

Lemma 8. There exist a subsequence (w„') of the sequence (u„), and a family 
{/i^'' : p,q G R™} of Up -measures on R x P such that for every k £ N, ipi G 
Co{R'^), i^l,2, andi^eC{P): 



lim / [■App ipiu^,{-,p)ji^) (p2{x)u^,{x,q)dx 



(12) 



^i(x)^2(x)^(c)dMr(x.«)- 

R'ixP 

Proof: According to Theorem |6l for fixed p, q £ R™ and fc G N, there exist a 
subsequence of (u„) and corresponding complex Radon measure /i^'* over R*^ x P 
such that (fT2|) holds. Using the diagonalisation procedure, we conclude that for a 
countable dense subset D x D C R™ x R™ there exists a subsequence (u„') C (un) 
such that (fT^ holds for every {p,q) £ D x D and every A: G N. 

Let us take an arbitrary fc G N and (p, q) G R™ x R™. Let (pm,qm) be a 
sequence in D x D converging to (p,q). The sequence (pm,qm) defines sequence 
of Radon measures (/i^'"'*'"), which is bounded in A^;,(R'^ x P), due to the bounds 
of (ufj in L°°(R™; L^(R'*)). Therefore, there exists a complex Radon measure /i^'* 
such that, along a subsequence, /i^'"*'™ — ^ A^fe''- Thus for arbitrary test functions 
if = ipiCp2 and V' we have: 



j ^(x)v^(i) d^il\^, I) - hm j ^(x)V'(l) d^il-''- (x, I) 



limlimy„,(p™,q„), 

m n' 



(13) 



where V^ denotes the function by 

V^{p,q) := j (^Vp </'i<(-' p)) W V'2(x)<(x, q)dx . (14) 

On the other hand 

V^, (p™, q™) - l^f, (p, q) = K^, (Pm, q™) - V,^,, (p, q„) + V^, (p, q„) - V^, (p, q) 

< C(fc)(^|p™ -p|r™ + |q™ -q|R-j, 

where on the last step we combined the Cauchy-Schwartz inequality, boundedness 
of the multiplier ^^p on L^(R''), and the Lipschitz continuity of the functions u^. 
The constant C{k) appearing above is independent of n', and we can exchange 
limits in (jTSl) . This actually means that the functional jj^"^ does not depend on 



the defining subsequence (i.e. it is well for every p, q G R™), which completes the 
proof. □ 

Using the previous assertion, we prove the existence of Hp-measures associated 
to functions taking values in L^(R"*). First, we need to recall a few basic notions 
of L^ functions taking values in an arbitrary Banach space E. 

We say that / : R"' — )► E' is weakly * measurable if it is measurable with 
respect to weak * a{E',E) topology. The dual of L^(R™,i?) corresponds to the 
Banach space L^.(R^™;£") of weakly * measurable functions / : R™ — >■ £" such 
that /j^„ ||/(x)||^,dx < oo (for details see [HI p. 606]). 

By taking E = Co(R^ x P), the topological dual of L2(R2"; Co(R'' x P)) corre- 
sponds to the Banach space L^. (R^™; A^fc(R'' x P)) of weakly * measurable func- 
tions ^ : R^'"^A^f,(R'' x P) such that /j^a™ \\^J'{p,^)\\'^dpdq < oo. 

Theorem 9. For the subsequence (u„') C (w„) extracted in Lemma 8, there exist a 
measure n G L^. (R^™; 7Wb(R'^ x P)) such that for all v G L2(R2™), ip^ e Co(R'^), 
i = l,2, and V6C(P); 

lim / / u(p,q)M^p (/Jiw„'(-,p)j(x)(y92(x)'u„'(x,q)dxdpfiq 
= / v{P,(l){lJ-{P,(l,-,-),'Pi'f2<E)ip)dpdq. 



R2™R'' 



(15) 



R2" 



Remark 10. Notice that the new object has inherited the hermitian character of 
H-measures. Indeed, with the help of Plancherel's theorem, we can rewrite p5|) as 

lim / / v{p,q)'ijj{^)J^{ipiUn'{-,p)){i)J^{ip2{-)un'{-,q)){^)d^dpdq 
/ v{p,q){fi{p,(i,-,-),ipi<f2'»ip)dpd(i, 



R2"« Rd 



R^" 

from which it easily follows that 



Ai(p,q, ■,■) = M(q,p, •,•)• 

Also, notice that we can assume (pi G C6(R'') (since (fi2 G Co(R^)). 
Proof: For fixed test functions ipi^2 and ip, similarly to (HH), we denote 
Ffc(p,q) := liinF^,(p,q) = {^if^ , ipi^24') ■ 

n 

Due to the uniform bound of w^ in L^(R''+™), the functions Vj^ belong to the 
space L^(R^™), with norm depending on ||iy3i.2||LDo and ||^||loo, but not on n and k. 
Thus the Fatou lemma asserts the sequence (Fk) is bounded in L^(R^'"), as well. 

Furthermore, for a fixed fc, the sequence (F,f ) is bounded in L°°(R^'"). By taking 
an arbitrary v G L^(R^™), we have 



hm / u(p,q)Ffc(p, q)dpdq = lim / u(p, q) hmF„,(p, q)dpdq 
k J k J n' 

lim lim / w(p, q) V^„'^/ (p, q)dpdq 

k n' J 



R2" R^ ^^g^ 
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where on the last step we have used the Lebesgue dominated convergence theorem. 
As the functions u^ are uniformly bounded in L^(R'*+'"), the sequence of av- 
eraged quantities / i;(p,q)y,f(p,q)dpdq converges to / ti(p, q)y„(p, q)dpdq 

uniformly with respect to n, where Vn is similarly to Vj^, with uj^ replaced by u„ 
indUl). 

Thus we can exchange the limits in (|16p providing 

lim / w(p, q)Ffc(p,q)dpdq = lim / v{p,q)Vn'ip,q)dpdq. (17) 

On the other hand, the boundedness of (F^) in L^(R^'") enables us to define a 
bounded sequence of operators fit S L^. (R^™; A^h(R'^ x P)): 

Mp, q) W := (^r. <t>), e Co(R'' X P). 

Therefore, there exists a subsequence (/ife') C (/x/j) such that ^k' — ^^ A* i^^ 
L^.(R2'";A^b(R'* X P)). By passing to the limit on the left side of (H?]), we get 
the relation (fTSl). 



Remark 11. Notice that the last theorem remains valid in the case when the test 
functions ipi^2 depend on the velocity variable (p or q) as well, i.e. when ipi^2 are 
taken from the space L^(R™; Co(R'*)) (with function v removed from (fT5|) ). As 
it is enough to prove the statement for test functions from a dense set, we take 
arbitrary (pi,2 G L^(R™; Co(R'')) compactly supported in x and approximate them 

N N , . 

by sums J2 ^i(p)'i^i(^) and ^ t;2(q)(y52(x) such that 
1=1 j=i 

N 
II ^ wi eg) ip[ - ifi ||l2(r™;Co(R'*)) < 1/^, 

1=1 

N 



vi'^vi- V2||l2(r™;Co(r<^)) < 1/^- 



j=l 
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Then it holds for any V e C(P) 

/ (KP, Q: •: •): Vl ('> P)'P2(-, Q) «) V')dprfq 

-hm / / M^p ((piu„/)(-,p)j(x) ((^2Un')(x>q)'^xc?pdq 

„ TV ., 

/ (M(P,q, •,-),¥'i(-,P)<^2(-,q)«)V'- [^v{{p) (g) <f[j (^^v^^ifl) '^ fi] <E)ip)dpdq 

N 

i^A^p ((^iM„')(-,p)j(x) (v52Un')(x,q) jdxdpdq 



R2 

hni 



JV 



R2'" Rd 



= Km 



hm 



^(^A^p {{v[ip[ - ipi)un') (•,p)j(x)(^(?;^</)| -(^2)wn'j(x,q)dxdpdq 

1,3 

I- r N 

/ / X!(-^'^P (('^iV'l -'4^l)Un') (•,p)j(x)(¥32Mn')(x,q)dxdpdq 



R^-" Rd ''J' 



RS^Rd 



hm 



AT 



0{\/N) 



/ X!(-^'/'p¥'i"n'(-'P))W((«2'^2 -'yJ2)un'j(x,q)dxdpdq 

= 0(l/iV), 

which proves the remark. 

Now, we shah describe the object /i in Theorem [5] more precisely by showing 
that it can be represented as /i(p, q, •) = f{p^^.^■)v^ where v 6 A^(R'^ x P) is a 
positive Radon measure, and / £ L^(R^™; L^(R'* x P : v)). If we could conclude 
that for every G Co(R'' x P), the function (/^(p,q, •),0} represents a kernel of a 
trace class operator, then we could rely on T^, Proposition A.I.] to state the latter 
representation. The most famous sufhcieiit condition for a function to be a kernel 
of a trace class operator is given by the Mercer theorem. It demands the kernel 
to be continuous, symmetric and positive definite. The function (/x(p, q, •), </>)) has 
the last two properties, but it is not necessarily continuous. Therefore, we need the 
following proposition. 

Proposition 12. The operator ^i G L^, (R^™; 7V(b(R'' x P)) in Theorem\^has the 
form 

Ai(p, q, X, $,) = /(p, q, X, |)i^(x, ^), (18) 

where v G A^(,(R'^ x P) is a non-negative scalar Radon measure, while f is a 
function from L^(R^™; L^(R'^ x P : ly)) satisfying 

/ / P(p)/o(q)0(x,|)/(p,q,x,|)di/(x,|)dpdq> 

iR2"> jR^xP 

for any p G L2(R™), G Co(R'' x P), > 0. 
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Proof: The proof is based on rewriting the measure /i(p, q, x, ^) via the basis in 
the (Hilbert) space L2(R2™). 

Accordingly, let {eijigN be an orthonormal basis in L^(R™). Denote by ^ij G 
Mbi'R'^ X P) an Hp-nieasure generated by the sequences J^,„ ei(p)u„(x, p)dp and 
/r,™ 6j(q)M„(x, q)(iq. We claim: 

oo 

Ai(p,q,x,^)= Y^ ^„(x,^)e,(p)ej(q). (19) 

ij = l 

Indeed, take arbitrary p G L^(R^™), 1^1.2 G Co(R''), ip G C(P), and notice that 

00 
p(P,q) = J2 c*ie.,(p)ej(q), 

i,i=l 

where (cij)ijgN is a square integrable sequence. 

According to the definition of the functional /i, we have 

pip, q)(/^(P, q, •): '^i(^2'0)dpdq 
= lim / / /9(p, q)(^^(piu„(-,p))(x)i^2U«(x, q)dxdpdq 

= V" lim / c^jlA^pipi u„(-,p)ej(p)dp (x).^2(x) / u„(x, q)ej(q)dqdx 

= ^ Cjj(Ai„(x,|),.^i(^2'0) = ^ {fit-j{x,^),ipiif2'>P) / p(p,q)ej(p)ej(q)dpdq, 
ij=i ij=i "'R-'" 

which completes the proof of dTS]) . Remark that in the last derivation we have 
used the square integrability of the sequence (cy) and the Lebesgue dominated 
convergence theorem. 

We introduce a positive bounded measure 

00 -J 

i=l 
as the weighted trace of the measure matrix {nij)ij=i,oo and claim that 

M(p,q, •) << J^, 

for almost every p, q G R™. Indeed, if i^iE) = for some Borel set E C R'^ x P, 
then iiii{E) — for every « G N. On the other hand, due to the hcrmitian character 
of matrix Hp measures, we have 

\p,,(E)\<ijiu{Efl^lJi,,{EY'\ 

From here, it follows that ^ij{E) = for every i, j G N, and thus, according to 
((TO| . ^(p, q, X, $,){E) = for almost every p, q G R™. 

Now, the conclusion follows from the Radon-Nikodym theorem. 

□ 
Next, we shall make an extension of Theorem |9l 

Notice that if in Theorem [2] we assume u„ G L*(R'') for some s > 2, then 
the R'^-projection of the H-measure by the sequence is absolutely continuous with 
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respect to the Lebesgue measure (see [38l Corollary 1.5] and (31] Remark 2, a)]). 
Furthermore, in that case we can assume that the test function ipi is merely in 
L'-(R''). 

The result generalises to sequences of functions taking values in a function space. 
More precisely, the following theorem holds. 

Theorem 13. Assume that the sequence (m„) = (u„(x, p)), converges weakly to 
zero in L2(R''+'») n L2(R™;L''(R'')), s > 2. Then the BJ^ projection J^diy{x,$,) 
of the measure v from the last proposition can be extended to a bounded func- 
tional on L'"(R'^), where r is the dual index of s/2. Furthermore, for all ipi G 
L2(R™;L'^(R'^)), ip2 e L2(R™;Co(R'^)), andipe C'^(P), it holds: 



lim / / ((piu„/)(x,p) M^p v32"«'(-,q)j(x)dx(ipdq 

/ (A'(p,q,T):Vi(-,p)<^2(-,q) (8'V')dpdq 



^""^^ (20) 



Proof: First, we shall show that we can extend the object /i in Theorem |9] as a 
continuous bilinear form on L2(R"; L'^(R'')) x L2(R™; Co(R'')) x C''(P). 

Let ipi G Cc(R''^™), £ > 0, be a family of continuous functions such that 
W'Pi ~ 'y5i||L2(R™;L'-(R<')) ^ as £ — J> 0. By means of Remarks [TO] and ITT] we define 



/ {ti-{p,(l,-,-),Vi^2'»'ip)dpdq:=l[m / {n{p,q, ■, ■),ipl(p2 (8) ip)dpdq 
= lim lim / / ((^f w„/)(x, p) ( ^^p V32Un'(-, q) ) (x)dx(ip(iq. 



R2" Rd 

The latter limit exists since for £i,£2 > it holds 



/ (A*(P,q, •,-),(¥'i' - 'PT){-,P)f2{-,q) (S)ip)dpdq 

('/'? -¥'l')'«n'(x,p) i^A^p (^2U«'(-,q)j(x) 



R2™ 

< lim sup 



dxdpdq 



R2"> Rd 



<limsupC||^||cd(p) / ||((/3i' -fT)un'{-,p)\\L^'(nd)\\{(p2Un'){-,q)\\L^(R<i)dpdq 

n' JR2™ 

< linisupC||V'||c<'(P) / WivT -'^l')(-,P)llL'-(R<')ll(Wn'(-,P)||L=(R'i)C'P 
n' JR™ 

• / ll'^2(-,q)||L-(R<i)l|u«'(-,q)||L-^(R<i)dq 

JR™ 

<limSUpC||^||c<i(P) ||(</?i' -</'? )IIl2(R.";L'-(R«))II</'2||l2(R™;L~(R<')) hn'|lL2(R-;L-(R'')) - 
n' 

where C depends on s and d only. Since \\ipi — ¥'i||L2(Rm;L'-(R<')) ^ 0; the limit in 
(I2T]) exists. 
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The same analysis from the above im.pHes 



hm 



{ifl - V7i)m„'(x,p) (^A^pip2Un'i-,q)ji:ic) 



dxdpdq — 



and the convergence is uniform with respect to n' . Thus we can exchange hmits in 
the second hne of (f2T|) . which proves (|20|) . 

In order to prove that the R"^ projection Jp di/(x, ^) of the measure v belongs to 
L'''(R'*) take an arbitrary (p € L''(R'') U CcCR'') and consider 

^y^^ 1™ / / k3(x)w„'(x, p)e,;(p)w„/(x, q)ej(q) dxdpdq 

OO . 

^ H ^II^IIl'-(R'') limsup ||un'|lL2(R2™;L-(R'')) < CyL-iR")- 

■ T ^ n'— )-oo 

1=1 

Thus Jpdz^(x, ^) can be extended to a bounded functional on L''(R''), i.e. there 
exists an /i e L*" (R'') such that Jpdi'{x,^) = h{x)dx. 



The following statement on the measure v now follows from results on slicing 
measures [TH Theorem 1.5.1]. 

Lemma 14. Under assumptions of the last theorem, for a.e. x £ R'' there exists a 
Radon probability measure v^ such that di/(x, ^) — (i^'x(^)^(x)(ix, where h is a 1/ 
function introduced above. More precisely, for each (f> £ Co(R x P) 

[ 0(x, OdH^, I) - / ( [ cb{K, l)d^x(^)) h{x)dK . 

The above result is also valid if we take a test function (j> G L'"(R'*; C(P)). 

4. Proof of the main theorem 

In this section, we shall prove Theorem [T] The proof is based on the special 

choice of the test function to be applied in dJ]), and the Hp-measures techniques 

developed in the previous section. 

We introduce the multiplier operator I with the symbol -. ' tttt, 

^ (l«i|'°i+-+l?dl'°<i) ^ ' 

where 9 G C^(R'^) is a cut-off function, such that 6* = 1 on a neighbourhood of the 

origin. 

According to Lemma [SJ for any ip G ^(P), the multiplier operator I o A^ott^ ■ 

L^(R'')nL*(R'') -^ W"''*(R'') is bounded (with L'' norm considered on the domain). 

Indeed, it is enough to notice that the symbol of 9"^ {I o A^ottp ) : 

(V'0 7r)(4)- 



is a smooth, bounded function that satisfies conditions of Lemma |4l 
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Insert in ([2]) (with reintroduced sub-index n) the test function gn given by (a 
similar procedure was firstly applied in |33j): 



g„(x,p) = pi(p) / (Xo^^o7rp)(<^u«(-,q))(x)(02(q)rfq, 



(22) 



where ?A G C''(P), ip G C^(R'^), p S Cc (R™), and k is the multi-index appearing 
in ([1]). Due to the boundedness properties of the operator I o Aji,ottp discussed 

above, the sequence (g„) is bounded in Cc (R™) x W°^''(R''). 

Letting n ^- cxd in ([2]), we get after taking into account Theorem [T51 and the 
strong convergence of (G„) 



^(x, C, p)pi{p)p2iq)ipix)i:{i)dfi{p, q, x, |)dpdq = 0, 

R_2r,i jRdxP 

where, let it be repeated, A(x, ^,p) — X]/c=i(2^*Cfc)"'°aA:- As the test functions pi, 
ip, and ip are taken from dense subsets in appropriate spaces, we conclude 

A(x, I, p)d^i{p, q, X, ^) = 0, (a.e. p, q e R^") . (23) 

For s — 2 the non-degeneracy condition (jlip directly implies that p, — 0. In order 
to show the same result for s > 2 fix an arbitrary (5 > 0, and for a p £ Cc(R™) and 
(j) G Co(R'' X P) consider the test function 



p(p)p(q)0(x,g)^(x,|,p) 

|A(x,|,p)|2-H<5 
From (|23)) . we obtain 

|2 



/■ /■ p(p)p(q)0(x,g)|A(x,g,p)p _^ .N^ ^ n 

/ / rn — 7: — M2 I r c^A^lP, q, X, |)dpdq = 0, 

Jr^-Jr^xp l^(x,|,p)|2 + (5 

which by means of representation (jlSp and Fubini's theorem takes the form 

/■ [ p(p)p(q)0(x,g)|A(x,g,p)p tNw ^ ^ r tf^ n ^o^^ 

/ / \,( i ^|2^r / p,q,x,| dpdqd:/x,^ =0. 24 

Jr^'xf./r^™ |^(x,^,p)l^-|-d 

Let us denote 

^5(x,|)= / p(p)p(q)--— ^^-^^-— -/(p,q,x,|)dpdq. 
Jr2™ |A(x,4,p)|^ +(!i 

According to the non-degeneracy condition dill) and the representation of the mea- 
sure v given in Lemma I14[ for s > 2 we have 

/^(x,^)^ / p(p)p(q)/(p,q,x,|)dpdq, 

as (5 — > for i^ — a.e. (x, ^) G R'* x P. By using the Lebesgue dominated convergence 
theorem, it follows from (l24t after letting 5 — > 0: 



P(p)/5(q)'/'(x, ^)/(p, q, X, Odpdqdv{-K, i) 

R'ixP JR^™ 

/ p(p)p(q)(M(p,q, •,-)></')'^P'^q = o. 

JR2". 
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Having in mind the definition of tlie measure fi from Theorem 1131 by putting here 
^(x, I) = |((5(x)p for ip G Co(R'*), we immediately obtain 



hm 

n'— s-cxD ./p^d 



p(p)u„/(x,p)dp 



2 

2 



|(p(x)|^dx==0. 



Due to arbitrariness of ip, this concludes the proof. □ 

Remark 15. We conclude the section by remarking that our results easily extend 
to equations containing mixed derivatives with respect to the space variables (see 
also [m Theorem 2.1]): 

VUnix, P) = X! ^"' ("''(^' P)"»(^' P)) = 5pGn(x, p), ^25) 

sei 

where / is a finite set of indices, and d"" = d'j^^^ . . . d^''" , for a multi-index ag = 

{asi,...,asd) G R'*- 

Denote by A the principal symbol of the (pseudo-)differential operator V, which 
is of the form 

A(|,x,p) = ^(2^zO"^a.(x,p), 
ser 

where the upper sum goes above all terms from ()25p whose order of derivative ctg 
is not dominated by any other multiindex from /. 

For A we must additionally assume that there exist ai, • • • , a^ G R^ such that 
for any positive A G R, it holds 

^(Ai/"iei,---,Ai/"''ed,x,p)=AA(|,x,p), 

and that it satisfies genuine non-degeneracy condition: for almost every x G R'*, 
every ^ G P, it holds 

A(x,^,p)^0 (a.e. pgR'"); 

The proof of Theorem [7] for equation of form (PS)) goes along the same lines as 
for the equation ([T]). 

Remark 16. Let us finally remark that in the case when derivative orders a^, 
k = 1, . . . , d, are non-negative integers, we can assume that the sequence u„ is only 
locally bounded in L2^^(R™;Lf^^(R'*)). 
In that case we simply take 

5n(x,p) =Pi(p)(/3(x) / {IoA^o^^){pUn{-,q)){x)p2{q)dq, 

instead of 5„ from (|^^ . Be repeating the rest of the procedure from this section, we 
conclude that the H- measure corresponding to {(pUn) equals zero. Due to arbitrari- 
ness of (p, we conclude that for any p G C^(R'"), the sequence (/ u„(x, p)p(p)dp) 
is strongly precompact in Lf^^CRf^). Using a simple density arguments, we con- 
clude that (/m„(x, p)p(p)dp) is strongly precompact in L^q^(R'*) even for any 

pgl;?°(r™). 
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5. Ultra-parabolic equation with discontinuous coefficients 

In this section, we consider an ultra-parabolic equation with discontinuous coef- 
ficients in a domain il (an open subset of R'*) 

div f (x, u) - div div B(x, u) + V'lx, u) = 0, (26) 

where B(a;,w) = {hjk)j,k=i,...,d is a symmetric matrix such that for some I < d it 

holds {hjk)j,k=i,...,i = 0, while B = {hjk)j^k=i+i d (if ^ < d) satisfies an ellipticity 

condition on R''"' in the following sense: for every ^ G R'*^', Ai,A2 G R and 
xgR'*, 

(Ai>A2) =^ (B(x,Ai)-B(x,A2)K-^>c|||2, o 0. 

Accordingly, we shall use anisotropic spaces like W^"'"'^'''*(ri), where (1, 2) G R*^ is a 
multiindex with first I components equal to 1. 

Furthermore, we assume that -0 G C^(R; L°°(J7)), while f = (/i, . . . , fd) and B 
are such that for every i,k — 1, . . . ,d 

dxlk.d>.h,k ^l^lA^-MoA^)); r>i. 

We also need to assume a kind of uniform continuity of f and B in the sense that 
there exists a continuous, increasing function w on R, and a G L^+^(R''); e > 
such that 

||f(x, Ai) - f (x, A2)||, ||B(x, Ai) - B(a;, Aa)!! < |u.(Ai) - w{X2)\\ct{x)\. (27) 

Concerning regularity with respect to x G R*^ of the functions f and B, we 
assume that for every A G R 

divf(x,A)-divdivB(x,A) = 7(x, A) G A1(R'*). 

To proceed, denote 7(x, A) = w(x, A)(ix + 7'*(x, A) where a;(x, A)dx denotes the 
regular, and 7^(x, A) denotes the singular part of the measure 7 with respect to the 
Lebesgue measure. The following definition is used in [8]. 

Definition 17. We say that a function u G L°° (il) represents an entropy admissible 
weak solution to ((26|) if for every A G R it holds 

div (sgn(u(x) - A) (f (x, w(x)) - f (x. A)) ) (28) 

- div div ('sgn(u(x) - A)(B(x, u(x)) - B(x, \))\ 

+ sign(M(x) - A) (l^(x, A) + 7/^(x, w(x))) - |7(x, A)| < 

in the sense of distributions on R''. 

We shall prove a result similar to those from [SI] [29] , stating the assumptions 

under which a sequence of entropy solutions is strongly precompact in lj'f^^{Vl). 

There it is assumed that max |f(-,A)|, max |B(-,A)| G L?„^(J7), for M = 

\e{~^M,M) \e{-MM) 

limsup„ ||un||L==(f2), while we demand d\f, 9aB G Lj^q^(R; Ll^^{i})) for an ?■ > 1. Re- 
mark that we have increased regularity with respect to A G R (there the continuity 
is merely assumed), but we have decreased it with respect to x G f^. 

Theorem 18. Assume that the coefficients of equation (|26p satisfy the genuine 
nonlinearity conditions analogical to (fTT|) ; 
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• for every ^ = (^, e P = {(t e R' x R'^-' : |||2 + |^|4 = 1} and almost 
every x G R'' 

d 

27ri^efcaA/fc(x,A)+4^2^aAB(x,A)|,O7^0 (a.e. A £ R) . (29) 

fe=i 

Then, a sequence of entropy solutions (w„) to p6|) smc/i that \\un\\i^oa iq\ < M 
for every n G N is strongly precompact in Lf^^{fl). 

Proof: To prove the theorem, remark first that, according to the Schwartz tlreo- 
rem [331 Theorem I.V], for every A € R we can rewrite (pS)) as 

div(sgnK(x)-A)(f(x,w„(x))-f(x,A))) (30) 

-divdiv(sgn(u„(x) - A)(B(x,m„(x)) -B(x,A))j 
-G„(x,A) 

where (?„(•, A) £ M{il) are Radon measure on fi, locally uniformly bounded with 
respect to n. According to [151 Theorem 1.6] (see also [29l Proposition 7]), the se- 
quence of measures ((?„(•, A)) is strongly precompact in W\~^ '~ (f^), q £ (1, ^^j)- 
Furthermore, for every (p 6 C'^'^(^); we have according to ([27]) 



|(G„(-,Ai)-G„(-,A2),<^)| (31) 

dx 



= I |(sgn(u„-Ai)(B(-,M„)-B(-,Ai))-sgn(w„-A2)(B(-,M„)-B(-,A2))) ■ (V ® V)(^ 

+ / (sgn(u„-Ai)(f(-,-u„)-f(-,Ai))-sgn(u„-A2)(f(-,u„)-f(-,A2))j • V</? 
< G|u;(Ai) - w(A2)|||</j||w(i.2),,, 



dx 



for a constant C independent of n (it depends only on /, B, and a). Indeed, 
according to ([27)) it holds 



||sgn(w- Ai)(f(x, u) -f(x, Ai) - sgn(M - A2)(f(x, u) -f(x, A2)|l 

^ ('||f(x, Ai) - f(x, A2)||, [u ~ Ai)(u - A2) > 

- \ ||f(x, u) - f(x, Ai)|| + ||f (u) - f(A2)||, {u - Ai)(« - A2) < 

< 2|u;(Ai)-u>(A2)||ct(x)|, 

and similarly for f replaced by B, from where ([3T|) immediately follows. 

Take now a countable dense subset D of R and for every Am € D denote by 
G(-, A^) e X(r!) such that G„(-, A™) -^ G(-, A™) strongly in w|-''"'''^(17) along 
a subsequence. We can choose the same subsequence for every Am G D (since D is 
countable). Now, we extend G(-,A), A € 13, by continuity on entire R: for every 
A S R, we choose a sequence (Am) from D converging to A and define for every 

(G(-,A),0):= hm (G(-,Am),^). (32) 
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The latter is well defined since for any Ai , A2 G -D and any e > one can find an 
n > such that 



(G(-,Ai)-G(-,A2),, 



< 

" + 



(G„(-,Ai)-G(-,Ai),0) + (G„(-,Ai)-G„(-,A2), 

|(G„(-,A2)-G(-,A2),<^)|< (£ + G|u;(Ai)-«;(A2)|+e)||^||w(i.2)„. 

From here, the Cauchy criterion will provide properness of (j32p . Furthermore, since 
G(-, Xm) are Radon measures, the functional G(-, A) is also a Radon measure. 
Using the same arguments, it is not difficult to prove that for every A G R, 

G„(-,A)-^G(-,A) in Wit'-')'«(f7). 

According to the Lebesgue dominated convergence theorem, we conclude from 
the latter that 

Gn^G in LL(R;Wit'-''^'(f7)). (33) 

By finding derivative of (pO|) with respect to A, we reach to (the kinetic formu- 
lation of (EH); see [5]) 



div 



(/i„(x,A)9Af(x,A)) -divdiv(/i„(x,A)aAB(x,A)) = -aAG„(x,A) 



where /i„(x. A) = sgn('u„(x) — A), and this is the special case of equation p]). 
From here, we see that, due to Remark 16, the convergence p3p. and the genuine 
nonlinearity conditions (|29p . the sequence {(phn) satisfies conditions of Theorem 
[7] (see also Remark 15). From here, it follows that (J_J^^ ft,„(x, A)(iA) is strongly 
precompact in Lf^^{^). 
Since 

M 

/i„(x, A)(iA = 2w„(x), 

we conclude that (ii„) is strongly Lf^^{il) precompact itself. □ 
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